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ABSTRACT. In this paper we provide several refinements and reverse operator 
inequalities for operator monotone functions in Hilbert spaces. We also obtain 
refinements and a reverse of LOwner—Heinz celebrated inequality that holds 
in the case of power function. 


1. Introduction. Consider a complex Hilbert space (H, (-,-)). An opera- 
tor T is said to be positive (denoted by T > 0) if (Tx, x) > 0 for alla € H 
and also an operator T is said to be strictly positive (denoted by T > 0) if T 
is positive and invertible. A real valued continuous function f(t) on [0, 00) 
is said to be operator monotone if f(A) > f(B) holds for any A > B > 0, 
which is defined as A— B > 0. 

In 1934, K. Lowner [6] had given a definitive characterization of operator 
monotone functions as follows, see for instance |1, p. 144-145]: 


Theorem 1. A function f : [0,00) + R is operator monotone in [0,co) if 
and only if it has the representation 


(1.1) f(t) = f(0) + bt 4 [ene 
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where b > 0 and m is a positive measure on |0, œ0) such that 


ie á dm (s) < co. 


l+s 


We recall the important fact proved by Lowner and Heinz which states 
that the power function f : [0,co) > R, f (t) = ¢® is an operator monotone 
function for any a € [0, 1], see [5]. 

Let f : (0,00) — (0,00) be a continuous function. It is known that f(t) 
is operator monotone if and only if g(t) = t/f(t) =: f*(t) is also operator 
monotone, see for instance [3] or [7]. 

Consider the family of functions defined on (0,00) by 


2 p—-1i/ et 
fp(t) = P=" (E) 


if p € [—1, 2] \ {0,1} and 


t 
fo (t) = T Int, 


AO Ee 


We also have the functions of interest: 


(logarithmic mean). 


2t 
{ait = a (harmonic mean), fıj2 (t) = Vt (geometric mean). 


In [2], the authors showed that fp is operator monotone for 1 < p < 2. 
In the same category, we observe that the function 


t—1 
Ip (t) := P] 


is an operator monotone function for p € (0, 1], see [3]. 
It is well known that the logarithmic function ln is operator monotone 
and in [3], the author proved that the functions 


1 1 
t)=t 1+9in(1+3), t) = 
Oa a E 
on (0,00) are also operator monotone. 
Let A and B be strictly positive operators on a Hilbert space H such that 
B-— A > mly > 0. In 2015, T. Furuta [4] obtained the following result for 
any non-constant operator monotone function f on [0, o0): 


(1.2) f(B)-f(A) 2 F(A +m) -£ QAD > f ABD- FABI- m) > 0. 
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If B > A> 0, then 


r- 108) > 5 (lal + | FUAI 


> laD- (I arg)" 


The inequality between the first and third term in (1.3) was obtained 
earlier by H. Zuo and G. Duan in [9]. 

By taking f (t) = t", r € (0,1] in (1.3), Furuta obtained the following 
refinement of the celebrated Lowner—Heinz inequality 


1 i : 


: 1 ; 
provided B > A> 0. 


With the same assumptions for A and B, we have the logarithmic in- 
equality [4]: 


(1.3) 


(1.4) 


mB- mA = ta (1AN + ot) In (|All) 
(1.5) 
1 
> ina) (12 aoa)” 


Notice that the inequalities between the first and third terms in (1.4) and 
(1.5) were obtained earlier by M. S. Moslehian and H. Najafi in [8]. 

Motivated by the above results, we show in this paper that if f : [0,00) > 
R is operator monotone on [0, co) and there exist positive numbers d > c > 0 
such that the condition dly > B — A > cly > 0 is satisfied, then 


J (j= f (0) (d+ |All) — £ (IAI) 
(opam F 


Some examples of interest, including a refinement and a reverse of the 
Löwner-Heinz inequality, are also provided. 


EE e ie SU: 


2. Main Results. We have: 


Theorem 2. Assume that f : [0,0co) + R is operator monotone on (0, co) 
given by representation (1.1). Let A > 0 and assume that there exist positive 
numbers d > c > 0 such that 


(2.1) diy >B-—A>cly>0. 
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(HOO e) iu> f) f (A)-—b(B-A) 
> (foe 


ly = 0. 
-AMAD 4) 4 20 


Proof. Since the function f : [0, o0) > R is operator monotone in [0, 00), 
then f can be written as in the equation (1.1) and for A, B > 0 we have 
the representation 


f (B) - f(A) 


(2:8) =b(B-— A) +f s [B (B+sly)'—A(A+s1y) ‘| dm (s). 
0 


Observe that for s > 0, 
B(B+sly)'-—A(A+sly)' 
= (B+ sly — slg) (B+ slg) —(At+sly—slq)(A+sly)" 
= (B+ slg) (B+ slg)" — sly (B+slg)' 
—(A+sly)(A+sly)'+sly(A+sly)* 
= lp — slg (B+ slg) — lg +sly(A+slg) t 
= E Pei) ee. sli) | l 


Therefore, (2.3) becomes (see also [4]) 


f(B)- f(A) 
(2.4) T © a -1 -1 
=b(B—A)+] 5 (A+ 51x) ~(B+sly)7!| dm(s). 
0 
The function g (t) = —t~! is operator monotone on (0, 00), operator Gâteaux 
differentiable and the Gâteaux derivative is given by 
T+tS)—g(T 
(2.5) Vor (5) = lim B = ) Il | = T1 ST! 
—> 


for T, S > 0. 

Consider the continuous function g defined on an interval I for which the 
corresponding operator function is Gâteaux differentiable and for selfadjoint 
operators C, D with spectra in I we consider the auxiliary function defined 
on [0,1] by 

gc,p (t) =g ((1—t)C +tD), te [0,1]. 
If gc,p is Gâteaux differentiable on the segment 


[C, D] := {(1 — t)C + tD, te [0,1]}, 
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then, by the properties of the Bochner integral, we have 


1 1 
(26) 9(D)-9(C)= | Fuen d= | Van-ncsen (D ~ Chat 


If we write this equality for the function g(t) = —t~' and C, D > 0, then 
we get the representation 


(227) 071- D! = [ (ES DOLED) (OC =): OL 7D) dt. 
0 


Now, if we replace in (2.7): C= A + sly and D = B+ sly for s > 0, then 
we get 

(A+sly)'—(B+slq)"' 
(2.8) 


= f (Q-0A+tB+ an A)((1-t) A+ tB + slg)" dt. 
0 


By the representation (2.4), we derive the following identity of interest 


f (B)— f(A) =b(B- A) 


(2.9) + fe] f -pases sin 
x (B-A ((1 -A+B + sty)" at | dm (s) 
for A, B>0. 
From the representation (2.9) we get 
FS} OV bee cs f (te + 8) alte + 8)" at) nC) 
for B= aly, A = 0, ee for x So gives 


(2.10) Poni 4 [2 (f ter +sy at) ce 


x 
Since 0 < cly < B — A < dlp, we have 


c((l1—t)A+tB+slq)~ 
<((1-t)A+tB+sly)'(B-—A)((1-t)A+tB+slq)" 
<d((1-t)A+tB+sly)” 
for t € [0,1], s > 0 and by (2.9), we get 


ef e (f (a-pa+ins sin at) AE 
(2.11) < f (B) af (A) -b (B - A) 


a (f (a-pa+ins siny at) Gaye 
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Observe that for t € [0,1] and s > 0 we have 
(1-t)A+tB+slg =A+t(B-—A)+slg 
>0+tcly + sly = (te +s) 1p. 
This implies that 
((1—=t)A+tB+s1g)' < (te+8s)' 1y. 


Therefore 


e (f (a-na+ins stn at) a) 


< ie Ge (e+ >a) dm (s) ly 
2 (fees ~v) 1y (by (2.10) 


and by (2.11), we get 


@12)— #(B)- f(A)-0(B- A) (FOO 
We also have 
(1-t)A+tB4+sly=A+t(B-—A)+4+slqy <A+tdly+sly 
=(1-t)A+t(dlg +A) + sly. 
Since A < ||A|| Lz, then 
(l—t)A+t(dly + A)+sly < ((1—¢)||Al|+¢(d+ |All) + 5) 1a, 
which implies that 
(1-—t)A+tB+4+ sly < ((1—1t)||Al| +t(d + ||A]]) +s) la 


for t € [0,1] and s > 0. 
This implies that 


((L—#)A+tB +s1g)™ > ((1— t) |All +t (d + |All) + 8) 1 


and 


((L—#)A+tB + sly)? > ((1—t)||All + ¢ (d+ AA a 


for t € [0,1] and s > 0. 
Therefore 


[> (f (a-na+ins sinyat) diets) 
7 ([ (= O [Al +t (d + [|All + 8) Pat) dmm Cs) ty (= 0) 
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ae 


-3f + A (A-8) |All +t (d+ Al) + s)! (d + IAI — IAI) 
x (1-8 All + £(4+ IAI) + 8)! dt) dm (s) Lp 


=a L KE (d+ (IA) = £ (IAIN) = èd)] Li 
(by identity (2.9) for d+ || A|| and || A||) 


= (2= a s f (AID P) Ly > 0. 


By (2.11), we get 
f(B)- f(A) -o(B- A) 


(2.13) pe fs (f ((1—t)A+tB+ sly)” *at) ams) 
>e(4 ae £ (AID b) 1 20. 


The inequalities (2.12) and (2.13) imply (2.2). 


From the first inequality in (2.2) we get 
fO-#(0) 
c 


ly — b[dly — (B — A)| > f (B) - f(A) 
and since dly — (B — A) > 0 and b > 0, 


ql O n AO f(c) = f (0) 


ipsa ip =biig=(8 =A]. 


From the second inequality in (2.2) we have 


f(d+llAl) - SCAN, 
d 


>0 


f(B)- f(A) 2 bb =A) ec] re 
f(d+ |All) - FAN, 
== d 
since b[(B — A) — cly] > 0. 
Therefore we have the following result which does not contain the value b: 


Corollary 1. Assume that f : [0,co) > R is operator monotone on [0, 00), 
A > 0 and that there exist positive numbers d > c > 0 such that the condition 
(2.1) is satisfied. Then 


ai MORON swe e2 lal) - AAD, so. 


Remark 1. If we take f (t) = t”, r € (0, 1], in (2.14), then we get 
(4+ IAD” = IAI 


(2.15) delly > B" — A" > a 


lg = 0, 
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provided that the condition (2.1) is satisfied and A > 0. 

Let € > 0. Consider the function fe : [0,00) > R, fet) = ln(e +t). 
This function is operator monotone on [0,0o) and by the second inequality 
in (2.14), we get 

In (B +ely) —In (A+ ely) 
(2.16) 5 (d+ |All +€) — 1n (All +€) 
= d 
By taking the limit over e + 0+ in (2.16), we get 
In (d + |[Al]) — In (IAI) 
i d 


ly > 0. 


(2.17) ln (B) — ln (A) > 


ly >0 
for dlp > B-—A>cly>Oand A>0Q. 
It is well known that if P > 0, then 
KPan < (Px, 2) (Py,y) 


for all x, y € H. 
Therefore, if T > 0, then 


0 < (x,x)* = (TT, 2) = (Tr, Try 
< (Tx, x) (TT's, T's) SAT ET) (z, Ttg) 


for all z € H. 
If x € H, |\x|| = 1, then 


1 < (Tz, x) (£, Ttr) < (Tx, £) o (£, Ttr) =a) [Z+] 2 


which implies the following operator inequality 


1 
IT=] 


Corollary 2. Assume that f : [0, o0) > R is operator monotone on |0, 00) 
and B > A > Q, then 


IB -AlB - AY [F (B- ATI) - FO] 1 


> f(B)— f (A) 
(2.19) 5 FB All + AID = £ (AID, 
~ B= 4) TB = Al 
, fF UNBI) = FUIAD o 


> = HŽ 
||(B- A) || 1B — All 

Proof. Since B — A > 0, by (2.18) we get 

1 


ly <B-A<|B-Alll1q. 
jg gj" $8745 lB- Al 
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So, if we write the inequality (2.14) for c = TERTNES] and d = ||B — All, 
then we get 


|B - All ||(B- A) 


ei > f (B)— f(A) 
PUB All + Al) - FAI, g 

e-a jB- "7 
Also, we have ||B — A|| + || A|| > || B|| and since f is nondecreasing, then 
(2.21) f(IB- All + IAD = £ AAD > f ABID = f AAI = 0. 
By (2.20) and (2.21) we derive (2.19). 


TEAB- A’) -0 1a] 


2 


Remark 2. By making use of a similar argument as in Remark 1, we can 
also derive the logarithmic inequality 


In(||B—A A In (\|A 
m(B)-m(4) > BAB = AIL+ All) = (ALD 
(B -47 || IB - 4l 
In (||BID — In (|All) 

~ |\(B- Ay" B- All 
for A>Oand B-—A>0. 
3. Some Examples. Assume that B > A > 0 and r € (0,1). Then by 
(2.19) we have, for the operator monotone function f (t) = t” on [0,00), the 
following refinement and reverse of Lowner—Heinz inequality 
IB — All ||(B - AT! la > B" — A" 
| (B= Al + IAID" — IAI” 
(1) = 6-A JIB- 
BI" — All 
= [@- 47] |B — Al 


ly >0 


H>O 
Consider the function 
-lnt “fort > 0, 
fot) = 4°" 
0 for t = 0, 
which is operator monotone on [0,0o). By (2.19), we then have 
|B All 
—1))-1 
(B-Ay I - 
(3.2) > B(1y —B) 'mB-A(1q—A) ‘mA 
B A 
crepe Bll — pa m |All 
(BA) 1B - All 


z lnll(B - Ay" te 
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for B > A > 0 and ||All, IBI}, ||(B- Ay] 41. 


(2. 


(3. 


The function f (t) = ln (t + 1) is also operator monotone on [0, 00), so by 
19) we have 
— jl 
IB -AIIB - A) "|in (||(B = A) ieee 1) iş 
>ln(B+1p)—-ln(A+1p) 
3) In (|B — All + |All + 1) = In (All + 1) 
I(B - A)" || |B - All 
In (||B|| + 1) — In (|| A|| + 1) 
|(B- A)" |1B- Al 


ly 


ly >0 


for B> A>0O. 


Consider the function f_, (t) = t € [0,00), which is operator mono- 


2t 
1+t? 


tone, then by (2.19) we derive 


|B -A| 
wieza N 
(3.4) > B(1gy+B)!-—-A(l1g +4)! 
2 || Bll — [|All izay 
~ [B -AB -Al (1+ BI) a + lAl) 
fr B>A>0Q0. 


The interested reader may state other similar inequalities by employing 


the operator monotone functions presented in Introduction. We omit the 
details. 
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